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Abstract

We present a new correlation function based on variational Monte Carlo results. The function is, for ease of implementation,
semi-local, spin-independent, and semi-empirical. This approach is applied to semiconductor systems and the quantity of
interest is the fundamental gap energy. We found that except for InN, these gap energies improved remarkably when compared
to local density approximation results. © 2002 Published by Elsevier Science Ltd.

PACS: 71.20.Nr; 71.15.Mb
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1. Introduction

In applying density functional theory (DFT) [1] to
physical problems, the knowledge of the form of the
relevant functionals is necessary in order to get proper
results. Among them, the form of the exchange-correlation
(XC) functional is still being constantly improved [2-6].
While the two parts of this functional are easily understood
in terms of physical pictures, this still leaves the task of
actually forming an expression that describes the correlation
effects. Since the correlation plays a significant role in
semiconducting systems, a more accurate description of its
effects would lead to better theoretical predictive power [7].
The objective of this paper is to report the introduction of a
new correlation functional within DFT which, when
implemented appropriately, significantly improves upon
the fundamental gap energy of some semiconducting
materials predicted by the local density approximation
(LDA) [2]. When compared to experimental values, our
results were more accurate than the LDA, and attained at the
same level of computational efficiency.

* Corresponding author.
E-mail address: mdwatson@lifshitz.ucdavis.edu (M.D.
‘Watson).

2. Introduction to exchange-correlation effects

The XC effect can be understood by visualizing the
interactions between electrons with parallel or antiparallel
spins. Consider a single test electron in a solid with spin up,
being approached by another spin-up electron. The Pauli
principle prevents these two electrons from getting too close
spatially; hence, there is a region around the test electron
from which a same-spin electron is excluded. Therefore, in
terms of the correlated density, this region is same-spin
depleted; this is known as the Fermi hole." What happens if
the electron that approaches has opposite spin? In that case,
the Pauli principle is not a consideration. In principle, this
electron is allowed to get as close to the test electron as it
wishes. However, the Coulomb interaction now separates
electrons, and this brings about another density ‘hole’,
known as the Coulomb hole.? Both types of holes are

' In truth, the name ‘Fermi hole’ arises from quantum chemistry’s
description of the exchange hole as determined by HF. Here, the
exchange is calculated using DFT and the KS scheme, so
technically speaking there is a difference. However, for this work,
it is hereby redefined to mean the latter.

2 Strictly speaking, the mapping of the spin decomposition to the
exchange and correlation effects is not one-to-one. In general, the
correlation effects also play a part when the spins are parallel, but
for this description we can consider them to be washed out by the
comparatively stronger exchange effects.

0038-1098/02/$ - see front matter © 2002 Published by Elsevier Science Ltd.
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Fig. 1. A plot of the correlation function hcy(r) for a typical value of
r, = 2 for semiconductors.

characterized by an effective radius, which is the distance
from the test electron where the excluded charge begins to
pile up. These polarizations contribute to the electronic
energy of the system. The Fermi hole is easily treatable with
Hartree—Fock theory, while the correlation energy (defined
as the difference between the exact energy and the HF
energy, including the Coulomb hole polarization energy)
has proven more difficult to handle. The well-known LDA
was the first to offer a solution to the difficulty by assuming
the XC functional at a point r depends solely on the charge
density at that point.

There are generally two different ways to improve the
LDA results without resorting to a more computationally
intensive Green function approach [8]. There is the method
of add-on corrections, which essentially include higher-
order density terms, such as gradient [3] and Laplacian [4].
This has been explored extensively. The other way is to add
a non-local functional to the local functional F(n) of Kohn
and Sham [2]. These non-local functionals are generally
based on the pair correlation function [5,6].

The pair correlation function can be formulated in terms
of the Coulomb hole function A(r, r,), which reduces to its
asymptotic limits at high and low density (based on a many-
body approach):

sczé‘[drzw. (1)

In general, h(r;,r,) is constructed to be the difference
between the pair correlation function based on the exact
wavefunction and the pair correlation function based on a
reference wavefunction (e.g. HF, KS, etc.). The idea of the
pair correlation function is that it describes the probability of
finding two particles separated by a certain distance, ry,.
This physical description necessarily puts limits on the
behavior of the function. For example, the total effect of the
Coulomb hole, as described above, is to exclude probability
density characterizing the presence of a nearby electron
from coming within a certain radius. If the density is being
depleted from the vicinity near the test electron, then the
charge must be going somewhere due to charge conserva-
tion. Thus, one condition on the Coulomb hole function is

that it must integrate to zero:
* 2
Jo dripriph(r,rp) = 0. 2

An example of a non-local pair-correlation function treating
the uniform electron gas (therefore not applicable to
semiconductor systems) is given below, taken from the
first paper in Refs. [5,6]:

(1 = art)exp(—rip/(rl” )
1+ 3r},/Q2eo(0)(r))

K7 (x,r19) = —n (1) 3)

In Eq. (3), o is the spin index, a is a normalization constant,
r1» is the interelectronic spacing, r. is the effective
correlation radius, co(0) is the leading coefficient in the
high-density expansion of the electron gas, and ry is taken
from the definition of the electron number density. These
parameters were determined from the uniform electron gas.
We did not directly implement this formula into our
program because this function is non-local (due to ry,), as
well as being spin-dependent. Furthermore, the theory is
based entirely on a short-ranged approximation to the
Coulomb hole. This makes the long-ranged components
unimportant, even in systems with large long-range
contributions, such as the uniform electron gas. In addition,
the behavior of the function near the test electron is much
too strong, meaning that the hole depth is too large.

3. Implementation and calculation methods

Recently, a study has been done to compare the angular
averaged correlation holes of second row atoms, except Na,
as described by DFT and Variational Monte Carlo (VMC)
[9]. This study particularly highlighted the XC hole and the
pair correlation function of the valence shell in the silicon
atom. It seems to correctly mimic the important behavior of
the correlation function, both short- and long-range. The
picture of the correct behavior was supplied (Fig. 1), but the
function itself was not provided. Hence, we modified Eq. (3)
so that it fits the picture provided by Cancio et al. [10]. This
was accomplished through matching the picture shown in
Fig. 1 to a mathematical expression. Fig. 1 shows the typical
correlation function found in the VMC study done in Ref.
[10], and all elements studied could be scaled to fit the same
shape. The individual correlation functions are quite
different due to the size of the atoms, number of valence
electrons, etc. However, by scaling each function to an
effective interaction radius instead of simply using the usual
radial distance, it was found that each element’s correlation
function was identical, reflecting the pairwise nature of the
correlation. Hence, the features of the correlation effect are
universal. By using Eq. (3) as a starting point, we were able
to adjust the behavior to match the graph of the correlation

SSC 6454—2/10/2002—15:57—AWINDOW—55801 — MODEL 4

169
170
171
172
173
174
175
176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191
192
193
194
195
196
197
198
199
200
201
202
203
204
205
206
207
208
209
210
211
212
213
214
215
216
217
218
219
220
221
222
223
224



225
226
227
228
229
230
231
232
233
234
235
236
237
238
239
240
241
242
243
244
245
246
247
248
249
250
251
252
253
254
255
256
257
258
259
260
261
262
263
264
265
266
267
268
269
270
271
272
273
274
275
276
2717
278
279
280

ARTICLEINPRESS |

M.D. Watson, C.Y. Fong / Solid State Communications xx (0000) xxx—xxx 3

Table 1
Tabulation of data using LDA, experiment, and the correlation
function presented in this work. All data are in electron volts (eV)

Si GaAs SiC NaCl InN
LDA 0.46 0.59 1.93 4.69 -0.1
CH 1.11 1.26 2.36 5.55 -0.2
Experiment 1.12* 1.46" 2.39° 8.97° 0.8°
& Ref. [16].
® Ref. [17].
¢ Ref. [15].

function, resulting in Eq. (4):

_ 2 2
(1 _ arZ)e (rlry) (e(r/ZrC) _ 1)

h =A
cn(r) d 2c0r3 + 3772

“

In Eq. (4), A is an adjustable constant, and all other variables
follow those given in Eq. (3). For ease of implementation,
the function hcy(r) was assumed to be semi-local, in the
sense that only nearby electrons (within r.) were considered,
and spin-independent (as opposed to Eq. (3)). With Eq. (4),
the implementation is straightforward, and computation
time is not significantly increased above the time used by the
LDA treatment. Since the study leading to this function was
based on silicon, this particular function is designed to
empirically reproduce (through the adjustable constant, A)
the fundamental gap of bulk silicon. From this expression,
other materials can be explored.

Our first principles LDA code was based on the
Ceperley—Alder [11] XC form, as parameterized by
Perdew and Zunger [12]. In running these calculations
of bulk materials, a two-atom basis arranged in the
usual zinc-blende structure with the appropriate unit
cell, or a four-atom basis for the Wurtzite structure was
used. Each lattice constant was determined through
energy minimization, and thus turned out to be
generally between 2 and 3% smaller than the exper-
imental values. The kinetic energy cutoff for the plane
wave basis was set between 25 and 35 Ry, after
determining that more plane waves did not change the
energy of the structures.” Norm-conserving pseudopo-
tentials were used to treat the electron—ion interaction
[13]. The code was run at the Lawrence Livermore
National Laboratory computing center, on DEC alpha
machines with 600MB of memory. The calculations
were run until the electronic self-consistent energy
convergence was at least 107 ®Ry. The modifications
required to the main program consisted of nothing more
difficult than a simple integration routine, without any
matrix diagonalization required. The total addition was
in the order of 200 lines (some of which were the pre-
packaged integrating routine). The relative simplicity of
the calculations in this modification means that no

3 i - -5
Our required convergence precision here was 107~ Ry.

significant extra time was needed to run the program.
On the average, the time difference between using LDA
[12] and this modified Coulomb hole routine for bulk
energy gap calculations was usually small (in the order
of minutes). For the possible gains that can be attained,
this seems to be quite reasonable.

4. Results

The new correlation function presented here was
designed to improve the fundamental gap of materials,
primarily semiconductors. The constant A of Eq. (4) is
the only adjustable parameter in the function, and its sole
purpose is to scale the function by a multiplicative factor
while not changing the overall shape. This is important
because the shape is the fundamental idea behind the
design of this function. It is the shape that determines
how well the interelectronic correlations are modelled,
not the overall scale. This new function was tested on
materials whose energy gaps have been accurately
measured. Five such materials were considered, includ-
ing silicon, silicon carbide, sodium chloride (an insu-
lator), gallium arsenide, and indium nitride. Table 1
shows a summary of the results including the present
work, the LDA values, and the experimental values for
comparisons. In most cases, the present work shows a
significant improvement over the LDA.

The silicon gap is highly improved, but that is
mainly because this particular gap was used as the
benchmark, to help ‘fine tune’ the constant (a plot of
the Si charge density is included as Fig. 2). The
maximum charge density in the bond itself is slightly
increased above the LDA value by 6%. In this large
charge density region, screening shields the effect of the
Coulomb hole, while in the interstitial region (where the
charge is less dense) the charge density is more easily
polarized. Thus, charge from the interstitial region is
pushed into the bond. This scenario is consistent with
the calculations done by QMC in Ref. [10] to describe
the effect of the Coulomb hole on atoms on the left and
right sides of the periodic table. This also explains how
the gap correction is more effective for covalent than
for ionic materials.

InN is a technologically important semiconductor that,
until recently, has not been described well by ab initio
theoretical methods. A new DFT-LDA calculation has been
able to reproduce an experimental value for the energy gap
found in an InN thin film [14]. The calculation used
pseudopotentials and included an add-on quasiparticle
correction. Another study [15] has also confirmed that the
experimental value of the energy gap in InN is smaller than
previously found. Using the present correlation method, we
found that the conduction band has dropped below the top
valence band, producing a negative gap. There could be
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Fig. 2. A plot of Si charge density as calculated with the correlation function presented in the text. The bond charge (red) is clearly represented
between the atoms (blue). The maximum charge density in the bond is higher than in LDA, which contributes to more charge localization. This

effect would lead to a larger energy gap, which is what occurs.

several reasons as to why this particular compound was not
well described by this correlation interaction. For example,
the original Coulomb hole picture derived in Ref. [10] was
done for second row atoms (i.e. Mg, Al, etc.). Since indium
is not close to this set of elements, it is easy to see that it may
not be encompassed by this particular interaction. In fact, it
is also possible that this particular function works better for
second row elements/compounds.

5. Conclusions

In summary, we present a mathematical description of a
correlation function based on the physical pictures in Ref.
[10]. It is a semi-local, spin-independent function
implemented within the LDA of DFT. With a single
adjustable parameter referenced to silicon, we found that
for several semiconducting materials this approach gave
more accurate results of the fundamental gap energy than
the LDA by an average of 73.5% in the cases where
improvement was shown, while not adding significantly to
the computation time.
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